Let Ω be a relatively compact subdomain of a complex manifold, exhaustable by Stein open sets. We give a necessary and sufficient condition for Ω to be Stein, in terms of L 2 -estimates for the∂-operator, equivalent to the condition of Markoe (1977) and Silva (1978) .
Introduction. As indicated in
, from the beginning of the theory of Stein spaces, the following question has held great interest: is a complex space, which is exhaustable by a sequence X 1 X 2 ··· of Stein subspaces, itself Stein? In [1] , the following is proved: every domain in C m which is exhaustable by a sequence of Stein domains B 1 B 2 ··· is itself Stein, and this is shown to hold more generally for unramified Riemann domain Ꮾ over C m in [6] . In [11] , the following is proved: let X be a reduced complex space and X 1 X 2 ··· be an exhaustion of X by Stein domains, if every pair (X j ,X j+1 ) is Runge then X = UX j is Stein. Recently, Markoe [9] and Silva [10] proved the following: let X be reduced and X 1 X 2 ··· be an exhaustion of X by Stein domains. Then X is Stein if and only if H 1 (X, ᏻ) = 0 (ᏻ being the structure sheaf of X).
More recently the following has been proved in [12] In this paper, we consider the case where X is a general complex manifold and Ω 1 Ω 2 ··· an increasing sequence of open Stein manifolds in X such that Ω = Ω j is relatively compact in X. We give a condition for Ω to be Stein, equivalent to Markoe's and Silva's condition and involving L 2 -estimates for the∂ operator.
Preliminaries. Let X be an n-dimensional complex manifold with a C
is a Hilbert space under the scalar product,
where * is the Hodge * -operator associated with the metric and orientation of X.
The following theorem is our main result.
Theorem 2.1. The union Ω is Stein if and only if given an
where K depends on Ω.
Let U be a bounded open set in C n , and ᏻ the structure sheaf of C n . A section
We then denote all sections of
For the definition of L 2 -bounded sections of coherent analytic sheaves, we require the coherent analytic sheaf Ᏺ to be defined on a simply connected polycylinder neighborhood V of the closure of U. Then by [8, Theorem 5, Section F, Chapter VI], there is an ᏻ-homographic in another simply connected polycylinder neighborhood V of the closure of U ,
where p > 0 is some integer; and
is independent of λ and p, so that Γ 2 (U, Ᏺ) is well defined. Now let Ω be a relatively compact subdomain of an n-dimensional complex manifold X. An open subset Y of Ω is said to be admissible for the coherent analytic sheaf Ᏺ defined in the neighborhood of the closure of Ω in X, if Y is Stein. There is a coordinate neighborhood V in X of the closure,Ȳ of Y such that V is biholomorphic to a simply connected polycylinder V in C n , andȲ is contained in the neighborhood ofΩ where where the U j 's are as above, we say that ᐂ is a finite admissible cover of Ω for Ᏺ and we define the L 2 (alternate) q-cochains of ᐂ with values in Ᏺ as those cochains, 6) which are alternate and satisfy c α ∈ Γ 2 (U α , Ᏺ) for all α ∈ I q+1 . We denote by C q 2 (ᐂ, Ᏺ) the space of L 2 -bounded cochains.
The coboundary operator, 
is an isomorphism.
We use Theorem 2.2 as a pivot to prove Theorem 2.1, but the proof of Theorem 2.2 is not given here, since it is similar to that of [2, Theorem] .
A triangle of isomorphisms.
Let Ω be as in Theorem 2.1. By the end of the section Theorem 2.1 will be proved.
The associated sheaf Ꮾ 
for q ≥ 1 and p ≥ 0. 
3)
where Ω is as in Theorem 2.1.
Also the following lemma is proved in [3] . (Ω) , (3.4) where K depends on Ω.
To finish with the proof of Theorem 2.1 we remark that Ᏸ 0 = ᏻ is the structure sheaf of X (X, Ω as in Theorem 2.1), therefore Theorem 2.1 follows from Lemmas 3.1, 3.2, and 3.3, and from Markoe's and Silva's condition.
